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Abstract The purpose of this presentation is to show the
importance of the Colle—Salvetti (Theor Chim Acta 37:329,
1975) paper in the development of modern computational
density functional theory. To do this we cover the fol-
lowing topics (1) the Bright Wilson understanding (2) the
Kohn—Sham equations (3) local density exchange (4) the
exchange-hole (5) generalised gradient approximation for
exchange (Becke and Cohen) (6) left-right correlation and
dynamic correlation (7) the development of the Lee—Yang—
Parr dynamic correlation functional from the Colle-Salvetti
paper (8) the early success of GGA DFT. Finally we
observe that the the BLYP and OLYP exchange-correlation
functionals are not semi-empirical; this may explain their
great success.

1 Introduction

The purpose of this paper is to show why the original paper
of Colle and Salvetti was so important in the development
of computational density functional theory for chemistry.
To do this it is necessary to proceed through the historical
development and understanding of exchange and correla-
tion. Much of the paper is therefore a reproduction of
earlier work, but taken as a whole, I hope it makes a
convincing story!
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2 The Bright Wilson understanding

Professor Robert G Parr told me that when Walter Kohn
presented his first paper [1] on density functional theory
(DFT) at a conference in 1965, the eminent spectroscopist
Bright Wilson made the following comments

(1) [ p(r)dr = n, where p(r) is the electron density and n
is the number of electrons.

(2) The density is cusped at all nuclei, and only cusped at
nuclei.

(3) The shape of the cusp determines the specific nucleus.

Thus the Schrodinger Hamiltonian H is known, and
from HY = EVY, the energy is known, and therefore
E = E[p].

This is a very simple understanding of the theory behind
DFT for chemistry.

3 The Kohn-Sham equations

It is well established that a functional representation for the
kinetic energy with good accuracy is impossible to find, but
that (¢| —1V?¢) is the quantum mechanical representa-
tion for the kinetic energy of orbital ¢.

Therefore Kohn and Sham [2] proposed

o) =3 62 ()

We can write
Elp] = Ts[p] + Vaelp] +J[p] + Exclp] (2)

where T,[p] is the Laplacian representation of the kinetic
energy, V. is the nuclear attraction energy, J is the
Coulomb energy and E,. is the remainder, which certainly
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includes exchange and correlation. By representing the
orbitals in terms of a basis set

0= dun, (6) @)

we can minimise the energy with respect to the molecular
orbital coefficients to give the Kohn—Sham equations

(ng(r)| — %vz + Vae (1) + 17 () + vie (1)

— Zdai’?a(r)> =0.

Here v, is the nuclear attraction potential, v, is the
coulomb potential (both known) and vy, is the unknown
exchange correlation potential.

The problem is therefore to find a good expression for
E.[p]. The KS equations are fundamental to modern DFT.

(4)

4 Local density exchange

Before we can discuss electron correlation, we must have
exchange completely understood. For the uniform electron
gas, Dirac [3] obtained an exact expression for the
exchange energy E,[p]

E, mu <4a§j/‘ﬂ3 r)dr=Elp] ()

where Cx =2 (& 613 "and ¢ denotes the spins «, . This term
must be the dommant part of E,.. The Dirac term is now
denoted LDAX.

5 The exchange-hole

This is an important aspect in the understanding of DFT.
The exchange expression may be written as

Ex Z//p“ pxd r171'2)dl'1dr2 (6)
where
.o (F1,T2) = i: Gie(r1)Pjs(r1) s (r2) P (12) )

= Po(r1)

from which it follows that
[ et raar =1 (8)

We say that the exchange-hole, surrounding r;, contains
one electron.

For a one determinant representation for Hy, A(a?) we
have p,.(ry,r;) = ag(rz). Thus the exchange-hole has
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0.5 electron near proton A and 0.5 electron near proton B,
for all ry, for all R. This is clearly wrong; if the reference
electron is near A, then the exchange-hole should be near
A.

When R is very large, the exact wavefunction is
51z (Alay) — A(ay)), with p = 0 + 0 = 2p,. Because
there is no dynamic correlation, E,[p] = Jp], from
which it can be deduced that

Eexact -

0¢(r1)ou(r1)0,(r2)0,(r2) + o3 (r1)as(r2)
Po(r1) '

pxa(rla 1‘2) =

©)
It may then be shown that

(1) if ry is near A and r; is near B, then p, (rq,12) =0,
i.e. no exchange-hole near B,

(2) if ry and r; are both near A, then p, (ry,r2) = 1, i.e.
the exchange-hole is near A.

From which we deduce that CI has introduced ‘left—
right’ correlation through the exchange term.

If we introduce the ‘spherically averaged’ exchange-
hole

1
%mm:—/%mm+m@ (10)

4z
then from Dirac’s work, it may be shown for the uniform
electron gas that

.]% (kFas)
(kFas)2

where j,(x) is the first order spherical Bessel function and
kps = (6n2p0)1/ 3. The exchange-hole is therefore localised
near the reference electron, for all positions of the refer-
ence electron. Since all exchange functionals include a
very large percentage of LDAX, this argument holds for all
exchange functionals.

In summary DFT exchange functionals introduce ‘left—
right’ correlation.

pxa(rlas) :9pa (11)

6 The generalised gradient approximation for exchange
(Becke and Cohen)

For molecular systems, the density is confined and it is not
uniform. We cannot expect LDAX to be adequate.

In atoms, there is no left-right correlation; there is only
one centre; the only correlation is dynamic. We must
expect therefore that DFT calculations with good exchange
functionals should give energies very close to Hartree—
Fock. We therefore empirically determine generalised
gradient exchange functionals which do this:
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1. Becke (1988) B88X [4]
Elpl= - cx / p¥idr
a

By x
- z/(1 + 6fx,sinh~'x )dr (12)
P 4 a

with f = 0.0042, x = IVplp~*>. This functional was
determined to give best agreement with the HF ener-
gies of He, Ne, Ar, Kr and Xe.

2. Handy and Cohen (2002) OPTX [5]

Efpl=-)" /(1.05151cx + 1.43169u2)p¥3dr

(13)

where u = yx*/(1 + yx?%), with y = 0.006. Determined
to give best agreement with HF energies of H-Ar.

For the 18 atoms H-Ar, the mean absolute difference
between KS energies for LDAX, B88X, OPTX, and HF are
674.5, 7.40 and 3.56 kcal mol™'. Becke’s exchange func-
tional improved predictions by two orders of magnitude!

7 Left-right and dynamic correlation

We have argued that atoms only have dynamic correlation;
there is no left-right correlation because there is only one
nuclear centre. Likewise H, at infinite nuclear separation
only has left-right correlation; there is no dynamic corre-
lation because the electrons are never close together.
Dynamic correlation is all about electrons avoiding each
other when close together; this arises because of the rl_z1
replusion. He only has dynamic correlation, and this is the
start of Colle and Salvetti’s work.

The uniform electron gas has dynamic electron correla-
tion. In a famous paper, Ceperley and Alder [6] determined
its value numerically through Quantum Monte Carlo simu-
lation (100 electrons in a box, of variable dimension to give
different densities). Vosko, Wilk and Nusair (VWN, [7])
then determined a functional E [p] = E.(p) for this corre-
lation. At first one may think that B88X + VWN = BVWN
would be a good exchange-correlation functional, but it is
not. VWN is the correlation functional for an infinite system,
electrons can avoid one another by going far far apart,
whereas molecules are finite systems. There is too much
correlation in VWN. Thus it is far better to develop a cor-
relation functional which is based on an atom, like He.

8 The development of the Lee—~Yang—Parr correlation
functional from the Colle-Salvetti paper

The key papers for the development of the dynamic cor-
relation functional, now known as Lee, Yang and Parr

(LYP), are (a) Colle and Salvetti (CS) [8], (b) LYP [9], (¢c)
Miehlich, Savin, Stoll and Preuss (MSSP) [10]. Pople was
the first to perform computational DFT using the combi-
nations of exchange and correlation functionals outlined in
this paper [11].

(a) Now we will go through the CS paper, with added
comments.

1. CS start from an attractive wavefunction

Y(x1,X2,...,XN) = WYur(x1, X2, . . ., XN)
x ;> (1 = p(ri,xj)) (14)
= ‘PHFHi>j<1 — exp(—ﬂzrz) (l — @(R)(l —|—%)))

(15)

where r = |r; —rj|, R=1(ri+rj). Note that the
electron—electron cusp condition is forced (which may
not be optimum). This is a classic Jastrow wavefunc-
tion. The value of the Jastrow function at electron
coalescence is ®(r).
2. They argue that the volume of the correlation hole
(7?3 should be proportional to Wigner’s
[12] exclusion volume (kp~'), and thus
B = gp'", which is clear on dimension grounds.
3. The 2-particle density matrix is well given in terms of
its HF analogue and correlation corrections
P (r1, 1251, 1) = Poyp(ry, 1231y, 15) (1 — ¢(r1,12)
- ¢(rl1a rlz) + (f)(l’l, rl)qs(rllv rlz))
(16)
and most reasonably, to maintain the HF electronic

distribution, the 1-particle density matrix is the HF
form

Pi(r131)) = Piap(risry) (17)

4. The correlation energy is then given in terms of the
diagonal HF 2-particle density matrix by

E = %//PZHF(rl,ll‘z)wz(l'l,rz)
— 2@{)(1’1,1‘2));(11‘1(11‘2 (18)

This is the expression which CS simplify. The
1-particle matrix condition (17) yields

/PzHF(l‘l,1‘2;r/l,l‘z)(qb(rl,rz)(f)(l‘lpl‘z) — ¢(r1,12)

— ¢(r},r2))dr; =0 (19)

5. This condition is then used to obtain an equation
for ®(r) by removing ®(r) and Pur(ry,r2)

from under the integral, on the grounds that
exp(—fr?) rapidly decreases to zero with increa-

sing r. Considerable algebra is needed to obtain
the equation, which is well satisfied by
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ﬂl/zﬁ

(D(l‘) = m (20)

We interpret this equation for ®(r) as one which
governs the extent of the correlation hole, dependent
on p(r) through f.

The correlation energy expression (18) is rewritten

1 Pyr(R+5;R %)
E.—— | Pyr(R.R
2/ 2nr )</ Pour(R,R)

x(2exp(—2) (1 - o(R)(1 +§))
™\ 2\ dr
—exp(-25?) (1 - 0(R) (1+1)) > —) dR

2 r
(21)

and to evaluate it, P,yr has to be approximated.
The key step then follows. CS introduce a Taylor
expansion through second-order

/MF(L R)dr = 47F(0,R)

2
x| exp(—f2r2)rdr + ?’T V2F(r,R)),_,

\8

0
x [ exp(—p*?)ridr (22)
/

Here F(r,R) should be interpreted as Pour(R +
£,R —%). Recall that P,yp(R,R) =Z-and ff = gp'.
Detailed algebra, using (20) then gives

i
£o= =2 [ oG8 K)ar (23)
where
0.121 — 0.0167W +0.0458 / — 0.005W /
G(ﬁaK> = 2
1+1.1284/5+0.3183p
(24)
and W = K~ with
V2Pur(R+I;R I
K=2 ( r 2HF( 2 2))r:0 (25)

p*(R)

This formula for G(f,K) in the expression (23) for E,.
suggests an approximation for the key part of (21)

[ B Contoa(1-om(1+)

—exp(—2p*r?) (1 — ®(r) (1 + ;))2) i:

4n 1+ bWexp(—cp)
=—a
P 1+d/p

(26)
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(b)

()

The parameters a, b, ¢, d are determined from a
calculation using the He 1s HF orbital. The exact
value of the left hand side was evaluated for ten
values of R. Recall that for He Poyp = 2(1s2(r])
152(r»)). In our view this is the vital step. A justifiable
form has been found for the correlation component of
E., and adjustable parameters have been optimised
using information on the HF density of He, for var-
ious values of the distance from the nucleus.

10. The final result is

140.173Wexp(—0.58/p)

dR
1+0.89/B

Ec= —0.04918/p(R)
(27)

with § =2.29p'/3(r) and W = 0.3814p=8/3 (V2 Pyyp
(R+5;R—1)),_,. CS showed that their expression
gave excellent values for the correlation energy of
He, Be and Ne. They also determined the correlation
energy of H,O, which was too small by 8%, but we
now understand that the left-right component was
missing.

The abstract to the LYP paper says “A correlation
energy formulae due to CS, in which the correlation
energy density is expressed in terms of the electron
density and a Laplacian of the second order HF
density matrix, is restated as a formula involving the
density and the local kinetic energy density. On
insertion of gradient expansions for the latter term, a
density functional formulae is obtained for the
correlation energy”. “It is demonstrated that this
formula gives atomic correlation energies within a
few percent”. In a little detail LYP gave the
formulae

[V:Pur(R,1)],_o = p(R)[tur(R) — 2tw(R)]  (28)
tw ( ):%%—%vzp (29)
1r(R) = Crp(R)™ + ety (R) +-=%p]  (30)

9 18

the final formula holding to second order. LYP
extended the formulae to a general UHF determi-
nant. This makes it clear that the primary paper was
CS; however, it is to the great credit of LYP that
they brought CS to notice, and that their great
knowledge of formal DFT enabled them to convert

the CS expression into a GGA correlation
functional.
MSSP used partial integration ([ F V2pdr =

— f VF - Vpdr) to eliminate Vzp, (which is numer-
ically difficult) to obtain the final result
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Table 1 The binding energies D, of small molecules, calculated by
HF, OPTX and OLYP, in kcal mol ™' [13]

Mol D, D, D, AD, D, Error
(obs) (HF) (OPTX) (LYP) (OLYP)
N, 228.6 1152 1625 61.6 224.1 4.5
0, 120.5 33.1 94.6 35.8 130.4 -9.9
F, 38,5 =371 21.3 19.6 40.9 —-24
H,O 2322 155.5 179.6 52.0 231.7 0.5
C,H; 562.6 428.5 447.0 115.5 562.5 0.1
C,H, 405.4 293.6 3222 81.7 403.9 1.5

The values obtained with BLYP are very similar

E. = —a/Lp“pﬁdr—ab
1+dp '3 p

X/ (P Py {Z“”CA 854 0

47 5 1
M\ )'V - <§‘T85>

(
x (190 + Vs ) = 25—
(

0y

Pp 2 2, 2
Vp,|? +-L v — 2PV
Xplpa pIpylﬂ 3p\p|

2 2
4G = DIV + G~ IVaF ar

3
(31)
where
exp(—cp / ) ~11/3
32
1+dp1/3 (32)
dp—1/3
_ . —1/3
o=cp "+ T+ dp-i/3 (33)
3
Cr = 10 (37?2)2/3 (34)

anda = 0.04918, b = 0.132, ¢ = 0.2533, d = 0.349,
which are the CS values. MSSP verified that this
functional gave good atomic correlation energies.

9 The success of GGA DFT

It was results of the following quality which convinced
practising quantum chemists of the value of this DFT
(Table 1).

10 Observations

1. It was the accuracy of such results (with BLYP) which
turned the attention of quantum chemists to DFT.

The LYP contributions can be related to the number of
electron pairs created on bond formation.

Standard ab initio quantum chemistry could not
compete. MP2 needs enormous basis sets to obtain
the shape of the wavefunction near the electron—
electron cusp. The cost of this DFT is less than HF.
Correlation has been and is the bugbare of quantum
chemistry. At one swoop the need for the many
electron wavefunction to obtain electron correlation
effects was removed.

I hope it is clear from this presentation that the
functionals BLYP and OLYP are not semi-empirical
functionals. Parameters have been determined from
atomic data only, no molecule is mentioned. This the
great strength of these simple functionals, and surely
explains their great success!

Can the CS-LYP-MSSP dynamical correlation func-
tional be improved? We think so. We think that the
form of the functional is plausible, for the reasons
given in their derivation. Furthermore, the values for
the molecular dissociation energies given in the table
are good, but of course these are energy differences,
not absolute energies. We think that the four param-
eters a, b, ¢, d could be readjusted. Following our
successful work [5], where the exchange functional
OPTX was determined by fitting to HF atomic
energies, we suggest that the parameters could be
determined by fitting to the atomic correlation energies
of He—Ar. (the parameter in f§ does not need adjust-
ment, as it can be absorbed into ¢, d). This may well
enhance the predictive accuracy of the BLYP or OLYP
functionals.
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